Abstract. By using purely algebraic methods of n-foldČech derived functors, the higher equivariant integral group homology is investigated from the Hopf formulas point of view.
short. The categories of groups, abelian groups and Γ-sets are denoted by G, Ab and S Γ , respectively. For a non-negative integer n we denote by n the set of the first n natural numbers {1, · · · , n}. For any set A its cardinality will be denoted by |A|.
We begin by formulating in the Γ-equivariant framework some well known notions and recall some facts from [11] needed for our future purpose.
For any Γ-group H, the group Aut(H) of automorphisms of the group H is a Γ-group with the diagonal Γ-action given by
for all σ ∈ Γ , f ∈ Aut(H) and h ∈ H.
Definition 1. A Γ-equivariant action of a Γ-group G on a Γ-group H is a Γ-homomorphism G → Aut(H), or alternatively, this is a group action of
for all σ ∈ Γ, g ∈ G and h ∈ H.
Note that if H is an abelian group in the previous definition, then it inherits a structure of a Γ-equivariant G-module [6, 5, 11] .
Let G be a Γ-group acting on a Γ-group H. Then the semi-direct product of groups H G is a Γ-group with the Γ-action given by
for σ ∈ Γ, h ∈ H and g ∈ G.
Given a Γ-group G and a normal Γ-subgroup H of G, we denote by [G] 
In [11] the (co)cycle description of the equivariant (co)homology of groups is given and its cotriple (co)homology interpretation as well. In particular the equivariant integral homology groups H Γ n (G), n ≥ 0, of a Γ-group G are described via cotriple derived functors of the Γ-abelianization functor Ab Γ . More precisely, the usual forgetful functor U : G Γ → S Γ has a left adjoint F, which assigns to any Γ-set X the free group F(X) on the set X with the Γ-action given by
G Γ in the obvious way: F = FU, τ : F → id G Γ is the counit and δ = FuU, where u : id S Γ → UF is the unit of the adjunction. The resulting F-cotriple resolution of G is the simplicial Γ-group F * (G) with
Applying the functor Ab Γ dimensionwise to F * (G) we obtain the simplicial abelian group Ab Γ F * (G). According to [11, Theorem 10] we have
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A Γ-group F is called (F-)projective if F is a retract of some value of F, or equivalently, if there is a Γ-homomorphism s :
If that is the case, it is well known that the simplicial object F * (F ) admits a contraction and thus H Γ n (F ) = 0, for n ≥ 2. Remark 2. For computing the equivariant integral homology of a Γ-group G, we will use 'non-standard' resolutions in the sense of Barr-Beck [1] , in particular, the so-called projective simplicial resolution of G, defined as an augmented simplicial Γ-group F * → G such that F n is projective for all n ≥ 0, and the induced simplicial map U(F * ) → U(G) is a homotopy equivalence (of simplicial Γ-sets). The F-cotriple simplicial resolution of G is a projective simplicial resolution and by [1, 5.3] 
To realize the algebraic proof of higher Hopf formulas and their further generalizations, one of the main tools used in [7] is the theory of crossed n-cubes of groups introduced by Ellis and Steiner [9] . An equivariant analog of the notion of crossed n-cubes takes the following form.
Definition 3. A crossed n-cube of Γ-groups is a family
σ ∈ Γ and i, j ∈ n , the following conditions hold:
A morphism of crossed n-cubes of Γ-groups, α : M → N, is a family of Γ-homomorphisms {α A : M A → N A , A ⊆ n } commuting with the functions μ i and κ. The resulting category of crossed n-cubes of Γ-groups will be denoted by X n G Γ .
Example 4.
Let F be a Γ-group and R 1 , . . . , R n be normal Γ-subgroups of
κ} is a crossed n-cube, called the inclusion crossed n-cube given by the normal (n + 1)-ad of Γ-groups (F ; R 1 , . . . , R n ).
Recall from [7] (see also [4] ) that the crossed n-cube of groups is abelian if the κ maps are trivial. Let us denote by AbX n G the category of abelian crossed n-cubes of groups. There is a Γ-abelianization functor
where D Γ (B, C) is the subgroup of M A generated by the elements of the form σ aa −1 and κ(b, c),
induced by the homomorphism μ i and the map κ, respectively.
Note that for the trivial group Γ = 1 the functor Ab n Γ is the usual abelianization functor from the category X n G of crossed n-cubes of groups to the category AbX n G of abelian group objects in X n G (see [4] ). For n = 1, Definition 3 can be simplified considerably, and we arrive at the following equivalent notion: A crossed module of Γ-groups (H, G, μ) is a Γ-homomorphism μ : H → G together with the Γ-equivariant action of G on H such that
In particular, (H, G, μ) is a crossed module of groups, and we can form its nerve [14] , which is the simplicial group E
with k semi-direct factors of H, and the face and degeneracy homomorphisms are given by
It is clear that E 1 Γ (H, G, μ) * is a simplicial Γ-group with the above described Γ-action on the semi-direct products and it will be called the nerve of the crossed module of Γ-groups.
Given a crossed n-cube of Γ-groups M, applying the nerve of crossed modules of Γ-groups E 1 Γ in the n-independent directions, this construction leads naturally to an n-simplicial Γ-group, called the multinerve of M. Taking the diagonal of this n-simplicial Γ-group gives a simplicial Γ-group denoted by E n Γ (M) * . Now we show that the Γ-abelianization of an inclusion crossed n-cube of Γ-groups commutes with the functor E n Γ .
Proposition 5. Let M be an inclusion crossed n-cube given by a normal (n+1)-ad of Γ-groups (F ; R 1 , · · · , R n ). Then there is an isomorphism of simplicial groups
Ab Γ E n Γ (M) * ∼ = E n Γ (Ab n Γ (M )) * .
Proof. There is a natural morphism of crossed n-cubes of Γ-groups
, where the bar denotes a coset, (
Then, to check the inclusion Ker Δ
and c ∈ M C s , the inclusion follows from [7, Proposition 11] and the equality ( 
and the assertion follows.
The diagonal of the multinerve of crossed n-cubes of Γ-groups is closely related to the n-foldČech derivatives of functors from the category of Γ-groups to the category of groups, which we consider immediately below, whilst the general situation has been dealt with in [12] .
Let us consider the set n . The subsets of n are ordered by inclusion. This ordered set determines in the usual way a category C n . For every pair (A, B) of subsets with A ⊆ B ⊆ n , there is the unique morphism ρ A B : A → B in C n . Any morphism in C n , not an identity, is generated by ρ A A∪{j} for all A ⊆ n , A = n and j ∈ n \ A.
An n-cube of Γ-groups is a functor F :
is defined in the following way:
where G −1 = G and k ∈ n − |A| is the preimage of j for the unique monotone bijection n − |A|
An n-cube of Γ-groups F determines a normal (n + 1)-ad of Γ-groups (F(∅); R 1 , · · · , R n ), where R i = Ker F(ρ ∅ {i} ), i ∈ n . This (n + 1)-ad will be called the normal (n + 1)-ad of Γ-groups induced by F.
Given an n-cube of Γ-groups F, it is easy to see that there exists a natural Γ-homomorphism F(A)
Definition 7.
An n-cube of Γ-groups F will be called an n-presentation of a Γ-
is a projective Γ-group for all A = n , and it is called exact if every α A (A ⊆ n , A = n ) which has a section map preserving the Γ-actions is surjective.
The following lemma is straightforward.
Lemma 8. An augmented simplicial
Given a homomorphism of Γ-groups α : H → G, theČech augmented complex for α is the augmented simplicial Γ-group (Č(α) * , α, G) defined by
Now let F be an n-presentation of the Γ-group G. ApplyingČ above, in the n-independent directions, this construction leads naturally to an augmented nsimplicial Γ-group. Taking the diagonal of this augmented n-simplicial Γ-group gives the augmented simplicial Γ-group (
, of the functor T by choosing for each Γ-group G, a projective exact n-presentation F and setting
where (Č (n) (F) * , α, G) is the n-foldČech resolution of the Γ-group G for the projective exact n-presentation F of G.
Note that by [12] (see also [7, Theorem 16] ) the n-foldČech derived functors are well defined. Moreover, if F is a projective Γ-group, then
where M is the inclusion crossed n-cube of Γ-groups given by the normal
Then by repeated applications of this isomorphism, we get an isomorphism of n-simplicial Γ-groups. Applying the diagonal gives the result for any n. Now we give an explicit computation of the n-th n-foldČech derived functor of the Γ-abelianization functor Ab Γ : G Γ → Ab, implying a description of the equivariant integral homology of groups from the point of view of Hopf type formulas. 
Theorem 11. Let G be a Γ-group and F its projective exact n-presentation. Then there is an isomorphism
Proceeding by induction, suppose the result is true for n − 1; we will prove it for n.
